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Nonlinear Polarisationoscillations

To describe a metastable electric dipole state in a biological system, Frohlich suggested a
nonlinear model potential. In this paper we investigate a system of two nonlinear dipoles, which
are coupled by a dipole-dipole interaction. We apply an external field and add linear damping
terms. The external drive leads to a phase-locking of the dipoles. Mathematically, the system
corresponds to an externally driven anharmonic oscillator with damping. We investigate the
system of coupled oscillators and look for the stable and metastable solutions as a function of the

internal and external parameters.

Introduction

In recent years considerable attention has been
given to understanding both the stability of biolog-
ical systems and their interactions with non-ionizing
electromagnetic waves. These problems have gained
increasing interest both, through rather exciting
experimental results and through theoretical con-
siderations [1].

As early as 1967 Frohlich (vid. ref. [1]) empha-
sized that biological systems exhibit a relative
stability for some modes of behaviour. In their
active state (in vivo) these modes remain very far
from thermal equilibrium. To give an interpretation
of such a specific behaviour, Frohlich has suggested
that both, coherent oscillations and highly polarized
metastable states should be of great importance in
biological membranes and in other biological sys-
tems as well. Both concepts have been supported by
some rather simple model calculations [1].

The aim of the present paper is to discuss further
some consequences which result from an extension
of Frohlich’s second model, the high polarization
model. Furthermore, the idea of making such simple
models is suggested by the enormous complexity,
which characterizes biological systems. With the aid
of models it might be possible to find a description
of those mechanisms which are responsible for both
the internal function of the system and its inter-
action with an external field.
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1. The Model

In a recently published paper [2] (henceforth
referred to as I) we have investigated a system of
two interacting dipoles, P, and P,. Both of them are
governed by a nonlinear potential of the form [1]
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In addition, they are coupled by a dipole-dipole
interaction of the well-known form
P P,
eR3

(2

P = e r represents a dipole of size r, + e are charges
and m is the mass of the oscillators. R is the
distance between the two dipoles. ¢ is the dielectric
constant.

In I we have investigated the internal dynamics of
the system, which have been described by a set of
two coupled, nonlinear differential equations

3} P
P+ WP,—CP}+DP} + 61123 =0

(3a)

P+ WPZ—CP%+DP§+%=0 (3b)
where P and R are transformed quantities, includ-
ing the parameter m/e% The aim of the present
paper is to investigate the influence of an external
electric field F= Fycos w t on the dipole system. Fy
is the amplitude and  the frequency of the external
stimulus.

In order to make our system more realistic and
for stability reasons we have to introduce energy
dissipating processes. A possible choice is friction of
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Fig. 1. Complete phase-locking of the two induced dipoles
due to the external field Fjcos w 1, P, (f) = P,(f) = P(1). P,
and P, are assumed to be parallel to the external field.

the Stokes type, i.e. a term, which is proportional to
P. This choice seems reasonable, since dipole oscil-
lations are coupled with mechanical oscillations of
the carriers, which in turn lead to frictional losses
into the surrounding medium. Because of the dis-
sipation we have to regard the dipoles P;, P, as
being induced by the external field F. We assume
furthermore the dipoles P, P, to be parallel to the
external field F.

Mathematically, we describe the energy dissipa-
tion by additional linear terms, K P, and K P, in the
equations of motion (Eqn. 3a, b). K is a parameter
determining the strength of energy dissipation. For
reasons of symmetry, we take the same constant
for both dipoles, P, and P,, respectively.

With the above extensions the equations of mo-
tion read

P+ KP,+ WP,— CP}+ DP?+L23=F0coswt
eR
(4)
132+KP2+ WP,— CP%'F DP%+L=F()COSCOI.
eR? )
According to a theorem of Trefftz [3], equations of
the type (4, 5) exhibit periodic sulutions after the
transients have died out. The period is either equal
to the external period T=2n/w or to an integer
multiple or submultiple of T, i.e. subharmonics or
superharmonics of the external field, respectively.

In the following discussion, we restrict ourselves
to the case, where the external drive leads to a
complete in-phase oscillation of the two dipoles
P,(?) and P,(r). We describe this behaviour with
the relation

Pi()=Py()=P(1). (6

Graphically, this assumption is shown in Fig. 1

With Eqn. (6) the set of differential equations
(4, 5) is reduced to one single differential equation
for P(7). It reads

. . 1 (7
P+KP+(W+W) P—CP}*+ DPS=Fycoswt.
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In the special case D =0, Eqn. (7) leads to the well-
known equation of the forced Duffing oscillator
with friction [4].

2. Steady States

With the restriction K = 0 and without an external
field (i.e. Fy=0), a potential of the following form
can be derived for the equation of motion of the
dipoles:

) 1 1 ®

1 1
U(P)=—|W+—3| PP——CP*+—DP".
(P) 2( 4 6

eR?
The detailed shape of the potential U (P) is strongly
depending on the distance parameter R. Some
possible and most important realizations are given
in Fig. 2.
To calculate the steady states of Eqn. (7), i.e.
P()=0 for K, Fy=0, we can determine the solu-
tions of the equation

0
—U(P)=0. 8
=5 U (8)
The solutions read
Py =0 9
c 4D 12
Pmax={ﬁ(]— I_C_Zw%)} (10)
c 4D 12
Puin = [525(1 + 1——2;;co%)} (11)
where we have introduced the abbreviation w3,
1
=W+ —= 12
(20} 8R3 ( )

being the square of a frequency.
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Fig. 2. Potential U(P) of the system as a function of the
polarization P for different values of the distance param-
eterR. W=1,C=1,D=0.08.
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According to Frohlich [1], we are interested in the
excitation of metastable dipole states. A possible
realization is given by the set of parameters W =1,
C=1, D=0.08, R=0.8 (vid. Fig.2). In this case
the steady states P, and Py, correspond to minima
of the potential, whereas P,,is a maximum.

3. Approximative Solutions of the Equations
of Motion

The solutions P(f) of Eqn. (7) are periodic
(Theorem of Trefftz [3]), if transients are neglected
or if the solutions have built up. Consequently, P (7)
can be expanded in a series of harmonics, sub- and
superharmonics. It reads

P(t) = Peonst + Ay cOswit + Aycos2wt + ...
w
+ AL cos—t+...
z 2
+ B)sinwt+ Bysin2wt + ...

)
+B-7sm7t+... " (13)
In the case that the solution P(f) is bounded to a
small surrounding of a minimum P, or Py;,, we will
calculate it with the method of Harmonic Balance
[5]*. This method assumes that the dominating
solution is almost harmonic, therefore sub- and
superharmonics are neglected in a first approxima-
tion in calculating the coefficients Py, 4 and B .

3.1 Harmonic balance for the minimum Py= 0

Presupposing that the solution P(¢) is restricted
to | P(f) | < Ppmax (vid. Fig. 3), we make the ansatz

P(f)y=Acoswt+Bsinwt.

(14)

For reasons of symmetry, P is set equal to
zero. To calculate the coefficients 4 and B we insert
Eqn. (14) into the equation of motion (7). With the
definition

P=A%+ B (15)

(r is the amplitude of oscillation) and with the
formulas of the appendix we get after a consequent

* A comparison of the results of the Harmonic Balance
approximation with numerical calculations shows a sup-
prisingly good correspondence between the two methods
6].
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Fig. 3. Potential U(P) as a function of the polarization P.
The time-dependent polarization P = P(t) is restricted to
— Prax < P(?) < Ppax, i.e. to an oscillation around the
minimum P = Py.

neglection of sub- and superharmonic terms [6]

5
—Aw*+KBw+Aw§— % CrrA+ ) DAr*=F, (16)

' 3 5
—Bw*—KAw+Bwi— i CrzB+—8—DBr4=O (17)

where the coefficients of the terms containing
cos w ¢t and sin w ¢ have been equated to zero sepa-

rately.
With the definition of an effective frequency & (r)
a')z(r)=c”u(2)—%r2C+%r“D (18)
we can reduce Eqns. (16, 17) to
(—w*+ @*(r) A+ KBo=F, (19)
(—?+@*(r)) B—KAw=0. (20)

These equations correspond to the equations of
driven harmonic oscillators, the frequency of which
has been replaced by an effective one, . Summing
up the squares of Eqns. (19, 20), we arive at an
implicit relation for the resonance amplitude
r(K, Fy, w) of the forced oscillators. It reads

P~ 0+ @* (NP + K2 w?) = F. 1)

Instead of a discussion of the function (K, Fy, w) it
is more convenient to discuss the invers function
w(K, Fy, r), which is deduced from Eqn. (21) in the
following form

2 K4 2
W+ = @) ——lg—i VT —Ra+ 2. 2
72 e

For physical reasons, only real values wf =0 are
allowed in Eqn. (22). The shape of the function
r(K, Fy, w) is given in the lower part of Fig. 5.

3.2 Harmonic balance for the minima Py,
If P(r) fulfills the condition B, < P(r) (vid.
Fig. 4), we can make the ansatz

P()=Pyjn+ Poonst + A’ coswt+ B'sinw t. (23)
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Fig. 4. Potential U(P) as a function of the polarization P.
The dipoles oscillate around the metastable minimum
P = P, with P (1) > P, for all times.

—»P

In order to calculate the coefficients Ppong, A’ and B’
we proceed in a way, which is analogous to that

applied in chapter 3.1. With the definiton
r?=A2+B? (24)

(where r’ is the amplitude of the oscillation) and the
formulas of the appendix we get from Eqn. (7) and
Eqn. (23) a set of equations for the coefficients
Plonst, A" and B’. It reads

3
— A+ KOB + 0} A + 032 Poon A + 13- 1724
5
+ 0437 Poopg A’ + D ry rid’ =F, (25)

3
~ 0B~ KoA' + 0} B'+ 0,2 Pony B + 203~ 12 B’

5
+ 043 Pl B+ D 5 r4B =0 (26)
35¢
K=05
. | /
Pmin 30 K=N
.‘//'T"'T
25+ 7~ c
Pmox "
20} -
r(K.Fo.w) K=05
15
1 10
05
" K=20
0 nzo 40 60 80

Wo W,
_—Ww

Fig. 5. Frequency response curves. Shape of the reso-
nance amplitudes r(K, Fy, w) as a function of the external
frequency w for Fo=1 and K fixed. The lower part
belongs to the minimum P = Py=0, the upper part to the
minimum P = P;,. In the latter case, a constant shift P is
given. Unstable branches are drawn as dashed lines, wy and
w, are the oscillation frequencies in the limit of vanishing
amplitude for the minima P, and P;,, respectively (vid.
Eqns. 18 and 31).
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for the cos w1, sin w ¢ and constant terms, respec-
tively. In Eqns. (25—27) the following abbreviations
have been used:

oy=W—3CP4,+ 5D P,
CX2=—3CPmin+ lODP?mn

a3=—C+ 10D P2 (25)
04 = 35D Byin
and
1
wi=W+—=—-3CP3,+5DP,. (29)

eP?

In the limit of a vanishing amplitude r’ of the
oscillation, which is determined by Eqn. (23), w,
would be its frequency of oscillation. From Eqn.
(27) the constant term Py, can be expressed as

r12

12—54-0!4?)"

4

Peonst (r) ==

T (30)
wi+a37r’2+ D?r"

Again we can define an effective frequency @ ()
~2(.r 2! ’ 3 ’”2
O (r')=wi+ 232 Poong + oc3—‘-1—r

5
+ 0t 3Pl ' + D?r"‘ (31)
with the aid of which Eqns. (25, 26) can be reduced
to
(—*+ @ (r') A+ KoB=F, (32)

(- 0*+@*(")B—KwAd=0. 33)
These equations are of the same structure as
Egns. (19, 20) and are treated in an analogous way.
After having calculated the resonance amplitude
¥ (K, Fy, w), the constant term Pgy,g is given by
Eqn. (30). The solutions ' (w) and Py are drawn in
the upper part of Fig. 5.

It is convenient to introduce a coordinate trans-
formation

——
r =r +Pmin

34
P.= Pionst + Fin (34)
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Fig. 6. Oscillation diagram. Polarization P as a function of
time ¢. For ¢ = 0 the system shows the external field, which
is switched on adiabatically.

in order to discuss both resonance amplitudes, i.e.
P=Py=0 and P= PR,, in the same picture. The
resulting resonance amplitudes are shown in the
frequency response diagrams of Fig. S.

In Fig. 6 we present the results of a numerical
integration of Eqn. (7). With an increasing external
field amplitude F, one finds a transition from the
metastable state P = PB,, to a stable oscillation
around the stable state P = Py = 0.

This behaviour corresponds to a transition from a
highly polarized state to a nonpolarized one.

4. Shape of Absorption Lines

From an experimental point of view it would be
interesting to look for the spectral properties of our
model. Therefore, we take the average of the energy
exchange of the system with the external field
during one period of oscillation, 7. This can be
done by multiplying Eqn. (7) with 2 P, followed by
an integration over the period 7. The result of this
rather simple calculation is an equation for the
energy balance system-field. It is given by

+T
Pl o+ gpr—Spr Do
‘ 2 3 '
kinetic energy

t+T

(35)

potential energy

+T
+ [ 2PKdt =
1

+T

[2PFycos wtdt

t
dissipative energy externally supplied energy
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With the properties of periodicity, i.e.
P()y=P(t+
.( ) _( n (36)
P(y=P(t+ 1)
Eqn. (35) can be reduced to
T T
K[P()*dt=Fy[P(t)cos wtdr. (37)
0 0

This equation describes the balance between the
externally supplied energy and the internal losses.
The energy transfer from the field to the oscillating
dipoles per period T then yields
T
I(K, Fy, ») =—1T—KjP(t)2dt. (38)
0
The integral on the r.h.s. of Eqn. (38) can be solved
in an approximative way by an application of the
ansatz of Eqn. (14) and of Eqn. (23), respectively.
With the definitions for the amplitudes (Egs. (15)
and (24)) we get

—;— K 0?r(K, Fy, 0)?
1K 0?7 (K, Fy, )?
for the minima P = Py and P = Py;,. Inserting for
r(K, Fy, w) and r’(K, Fy, w) the resonance ampli-
tudes of our preceding calculations, we arrive at the
absorption lines of the model, an example of which

I(K, Fy, 0) = (39)
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Fig. 7. Shape of absorption lines /(K, Fy, ) as a function
of the external frequency w, calculated with the method of
Harmonic Balance for the minima P = Py=0 (curves
starting at w =0 and upper curve) and P = P, (other
curves). The unstable branch is drawn as a dashed line, w,
and w, are the oscillation frequencies in the limit of
vanishing amplitude for Pyand P;,, respectively (Fo = 1).
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is given in Fig. 7. The shape of the absorption lines
depends on both, the strength of the external field
Fy and the magnitude of the dissipation constant K.
The dependency is a nonlinear one and leads to
difficulties, if one has to compare experimental
findings with model predictions. Furthermore, these
subtle nonlinear effects might be hidden by strong
thermal effects.

5. Summary and Outlook

We have discussed the behaviour of a rather
simple model, two coupled nonlinear dipole oscil-
lators. However, one has to start with such over-
simplified situations, when nonlinear dynamics are
investigated.

Our model exhibits both, stable and metastable
oscillations. The behaviour depends on the constant
of dissipation and the external field, the latter being
given by its amplitude and frequency. Small changes
in these parameters can cause a switch from an
oscillation around a permanently polarized state to
an oscillation around a state with zero polarization
in the mean and vice versa. If, for example, the
internal parameters are fixed, small changes in the
field amplitude F; can lead to drastic changes in the
system’s behaviour. The superposition of both, a
constant and a periodic external drive yields a
variety of additional transitions.

It might be desirable to deduce a microscopic
basis for the model, starting from first principles. A
first step towards this aim might be an expansion of
our model to more than two dipoles. Furthermore,
the inclusion of nonlinear dissipation might be of
great relevance for externally driven nonlinear oscil-
lators [7]. It can lead to self-excited oscillations and
a competition between internal (limit cycles) and
external (periodic fields) oscillations starts. A syn-
chronisation of the system’s dynamic to the external
stimulus results. Furthermore, a collapse of the
internal oscillation can be caused, completely trig-
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Appendix

We frequently made use of the following for-
mulas, which easily can be derived:
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cos® o = % (3cosa + cos3a) (A4)
sin*o = % (cosdo —4cos2a + 3) (A.5)
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relations result:
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